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The article considers the problem of generalizing the 3D Helmert transformation by 7 parameters and differential
equations of the 1st and 2nd types of spheroidal geodesy. A formula is obtained in matrix form, which includes, as special
cases, almost all types of coordinate transformations used in satellite geodesy, as well as several new types.
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Introduction. When processing satellite measurements to fix a point in space, quite a lot of different coordinate
systems (CS) are currently used. Obviously, the task of recalculating the coordinates of points from the current system
to the system required by the customer is quite relevant. Recalculation of coordinates in satellite networks can be divided
into Cartesian (Helmert-type models), geodetic (Molodensky-type models) and combination [1].

Recalculation of coordinates is divided into transformation - coordinate operations using exact formulas without
changing the datum, and transformation - coordinate operations in which the elements of recalculation are obtained from
previous calculations and imply (not necessarily) a change in the datum.

Main part. The basis for the spatial transformation of Cartesian coordinates is the well-known linear movements
in space, which in the most general form are a composition of rotations around three coordinate axes, shifts along three
coordinate axes and scaling along three coordinate axes. In geodesy it is used in the form of Helmert's conformal transfor-
mation (similarity transformation) in which the shape and angles between lines are preserved. In this case, the scales along
the axes are the same. Then, during transformation, the Cartesian rectangular coordinates of point A(X, y, z) in CS A,
goes to point B(x', ¥', Z') in CS B, by rotating around 3 axes in space, shifting along 3 axes and the same scaling factor.

Rotations around the X axis by an angle «, around the Y axis by an angle g, around the Z axis by an angle yare
determined, respectively, by rotation matrices in three-dimensional space R, («), R, (8), R, (») - If we choose the Cartesian
geocentric system as the spatial coordinate system, then two types of rotation are distinguished:

— clockwise rotations, when looking at the center of the coordinate system from the positive direction of the
corresponding axis, are represented in matrix form as

(1 0 0 1 0 0|}
Ry(@)=|0 cos(e) sin(e) |=|0 c s/,
|0 —sin(a) cos(a)| [0 -s c]|
around the X axis at an angle «, >

[cos(B) 0 —sin(B)] [c 0 -s
R(BA= 0 1 0 (=0 1 0], (1)
| sin(3) 0 cos(B) |

around the Y axis at an angle g,

[ cos(y) sin(y) O c s O
R, (y)=| —sin(y) cos(y) O0|=|-s ¢ 0},
0 0 1 0 01

around the Z axis at an angle y.
This representation of rotation is called coordinate frame (CF) - rotation of a point and is taken by us as the main one.
— counterclockwise rotations, when looking at the center of the coordinate system from the positive direction
of the corresponding axis, are represented in matrix form as
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10 0 710 07)
Ry (@)=|0 cos(a) -sin(x)|=|0 ¢ -s|,
|0 sin(a) cos(e) | [0 s ¢

around the X axis at an angle «,

[cos(B) 0 sin(B)] [c
R/ (B) = 0 1 0 =10

| —sin(B) 0 cos(B)| |-s

S
o,> @)
C

[cos(y) —sin(y) 0] [c -s O
R,(»)=|sin(y) cos(y) O|=|s c O,
0 0 1 0 0 1 j

around the Y axis at an angle g,

around the Z axis at an angle .

This representation of rotation is called vector position (VP) — vector rotation [2].

Then the total rotation matrix R is usually assembled in the following two forms: Helmert rotation model of the
1st kind

R=Ryy, (afy) = R, - R, - Ry (a); 3
R =Ry (7Pa) = Ry (a)- R, B R, ().
Helmert rotation model of the 2nd kind.

Scaling along the X axis is by the value mx, along the Y axis is by the value my, along the Z axis by the value mz.
In matrix form it can be represented as

m 0 O
M=0 m 0]. (4)
0 0 m
Under the conformal Helmert transformation, mx = my = mz = m.

Translation along the X axis is by the value ty along the Y axis is by the value t,, along the Z axis by the value t..
In matrix form it can be represented as a vector

t=t, |. )

X X7 Tt
Y| =M-R|Y | +[t, | ©6)
|, z], [t

Transformations of this type are called complete spatial linear transformation, or 9-parameter transformation.
Then the exact conformal Helmert transformation is as follows

X X1 Tt
Y| =m-R|Y | +[t,|. )
|, Z], [t
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If we multiply three partial rotations according to the first Helmert model in the form of a rotation of a point (the
matrices rotate the point clockwise), and look from the positive end of the coordinate axis to the center of the CS, we obtain
an expanded representation of the total rotation matrix R in the form

R=Rz(»)-Ry(B)-Rx (a) =

cos(/3) - cos(7) cos(/3)sin(y) —sin(B) Ru R Rl 8)
sin(a) -sin(B) - cos(y) —cos(a) -sin(y)  sin(er) -sin(B) -sin(y) +cos(er) -cos(y) sin(er)-cos(f) |=| Ry Ryo Ry
cos(a) -sin(B3) -cos(y) +sin(a)-sin(y)  cos(a)-sin(B) -sin(y) —sin(e) -cos(y) cos(a) - cos(B) R31 Rsp Ragg

In geodetic practice, when transforming coordinate systems on the earth's surface, the angles of rotation are very
small (up to 1-2 arc seconds), the scale m along the axes differs very little from one (of the order of several ppm). Then,
considering that

— the sines of small angles are equal to the angle itself in radians;

— the cosines of small angles tend to one;

— the product of the sines of small angles — a very small angle, which is taken equal to zero;

— the product of cosines of small angles is taken equal to one;

— the second order of smallness when multiplied by small and identical scales is negligible;

the scale factor m differs very slightly from one and can be represented as m = (1 + s).

The transformation formula will take the form

X 1 W, —w, ||X ty

Y| =@+s)|-w, 1 w, [|Y | +|t |=

Z |, w, -w, 1 Z|, |t ©)
X

=m-R-Y | +t>K;=m-R K, +t
z

A

or without taking into account the second order of smallness in the non-diagonal terms of the matrix (not always acceptable
in terms of accuracy)

X d+s) w, —W, X ty
Y| =| -w, (@+s) w, [-|Y ]| 4|t |=
Z |, W, -wye (I+s)] 2], [t
X
=R, |Y | +t (10)
A A
100 ] W,  —W, X ty
=[{0 1 Of+[-w, s W [[|Y |+t |[>Ks=(E+Ry)-K,+t,
0 01 W, -w, s Z, |t

which is called the Bursch-Wolff-2 transformation model [2]. Obviously, the values of angles w; are expressed in radians.
In the classical Bursch-Wolff-1 model, the signs in the rotation angles are reversed.

Such transformation often referred to the 7-parameter Helmert transformation is used most often in higher geodesy
and satellite positioning. The reverse transformation of coordinate system B into coordinate system A is as follows

=2 )R (K -1)-

m
=(1-s)-R/ -Kg -t.

The second expression in (11) does not take into account the second order of smallness when producing small
numbers and can sometimes give unsatisfactory calculation accuracy.
Quite often in geodetic practice it is necessary to determine the coordinate increment from transformation

(11)

X X AX
Y| Y| =K, =K, =|AY | =AK,,. (12)
Z B Z A AZ AB
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Then from formulas (9) and (12) we have

K =Ky =AK g =
=m-R-K,+t-K, =, (13)
=(m-R1—E)~KA+t

where E is the identity matrix of size 3x3.
When transforming geodetic coordinates, the coordinates of point 4, (B, L, H), on ellipsoid 1, go to point 4’, (B,
L', H").» on ellipsoid 2 based on the increment of geodetic coordinates, as [1]

B'=B + AB;
L'=L+A4L; (14)
H=H+ AH.

In the most general case, a problem of this kind is formulated as follows. On ellipsoid 1 there is a point with geodetic
coordinates (B, L, H) in the coordinate system A. The value H, equal to the deviation of the point from the model ellipsoid
along the normal, may be absent in the case when the point belongs to the ellipsoid, H = 0. Point 2 is obtained in relation
to the first point by small rotations (wx, wy, wz), shift by vector (4x, Ay, Az), scaling m axes of the CS A, as well as changing
the parameters of the ellipsoid when the point moves from ellipsoid 1 to ellipsoid 2 It is required to find the change
in geodetic coordinates and the geodetic coordinates of point 2 (B, L, H). To solve the problem, we find the complete
differentials of the equations of connection between geodetic coordinates (B, L, H) and geocentric Cartesian coordinates
(X, y, 2) on an ellipsoid with characteristics a, e?

x=(N+H)-cos(B)-cos(L);
y=(N+H)-cos(B)-sin(L);
z=(N-(1-¢e*)+H)-sin(B),

in all respects: B, L, H, a, €?

oX oX oX oX

d= X g+ X+ X g+ X gar K -de?;
oB oL oH 88. oe?

dy=2" B+ di e O aH + T dar & e, (15)
oB oL oH 2a oe’

dz=a—z~dB+a—Z-dL+a—Z~dH % da+a—Z de?,
oB oL oH da oe’

which we will place in the table 1.

Table 1. — The complete differentials of the equations of connection between geodetic coordinates
and geocentric Cartesian coordinates
derivatives

by elements
coordinates

x=(N+H)-cos(B)-cos(L) | ~(M +H) sin(B)-cos(L)| ~(N + H)-cos(B)-sin(L)| cos(B)-cos(L) N -cos(B) - cos(L) k- cos(B)-cos(L)
a

y=(N+H)-cos(B)-sin(L) | ~(M + H)-sin(B)-sin(L) | (N + H) -cos(B)-cos(L) | cos(B)-sin(L) E-CQS(B)-SH‘](L) k- cos(B)-sin(L)

a

z=(N-(1-&")+H)-sin(B) | (M +H)-cos(B) 0 sin(B) (k-(-€)~N)-sin(B)

£~(1 —e*)-sin(B)
a

T i
Matrix 4 Matrix B
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Considering the smallness of the measurements, we replace the differentials d with finite increments A. Then the
general form of the change in Cartesian coordinates AD in matrix form will be

AD=A-AG+B-AE, (16)
[ Ax
where AD =| Ay | —small changes in Cartesian rectangular coordinates;
| Az
AR
AG =| AL | —small changes in geodetic coordinates;
_AH .
[ Aa ] ) . _ . . )
AE = At |~ small changes in the semi-major axis a of the ellipsoid and the second eccentricity e when moving
e

from eIIipsoid_l to_ellipsoid 2;

Aa=8a, -a;
Ae* =g —¢’.

Matrices A and B are from the table of derivatives of communication equations.
It is sometimes convenient to represent matrix A in one of the following forms

—sin(B)-cos(L) -—sin(L) cos(B)-cos(L)||M +H 0 0
A=| —sin(B)-sin(L) cos(L) cos(B)-sin(L) |- 0 (N+H)-cos(B) 0=
cos(B) 0 sin(B) 0 0 1
1 0 0
=R3z(z-L)-R2y(#/2-B)-|0 -1 0|-T=~Ay-T.
0 0 1

Now, let’s equate the increments of coordinates, or their change AD obtained on the basis of formulas (13) and (16).
As a result, we have

AD = A-AG+B-AE = (m-R; —E)-Kp +1, (17)

a generalized system of equations, which includes all known transformations as special cases, and a number of new cases.
To use it, you simply need to calculate the values of matrices A and B from (15) and table 1, and the value of matrix Ry
from formula (9).

Let us consider the most used special cases of formula (17).

1. The classical Molodensky transformation (14) from CS A on ellipsoid 1 to CS B on ellipsoid 2 in geodetic
coordinates can be represented as

AG=A"-(AD-B-AE), (18)
if the change in the ellipsoid AE and the change in Cartesian coordinates are known AD;
AG=A"-((m-R —E)-K,+t—B-AE), (19)
if the change in the ellipsoid AE and 7 Helmert parameters are known;
AG=A"1.AD, (20)

if there is no transition to another ellipsoid and the change in Cartesian coordinates is known AD;
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AG=A"[{(mR -E)K, +1), 1)
if there is no transition to another ellipsoid and 7 Helmert parameters are known;
AG =-A"'[BIAE, (22)

unless there is a transition to another ellipsoid.
2. The change in Cartesian rectangular coordinates with known changes in geodetic coordinates on one ellipsoid
will have the form

AD = ATAG, (23)
and when moving to another ellipsoid
AD = BIAE. 24

It should be considered that changes in Cartesian coordinates must be on the order of ten meters, and in angular
coordinates - on the order of 1-2 seconds, so that the formulas produce a fairly accurate result, since in essence they are
differential. In satellite positioning practice, these conditions are generally met. If the changes are large enough, then
you need to use a sequence of actions based on coordinate transformation to solve the problem.

It is not difficult to notice that the coefficient matrices in (17) are Jacobian matrices, which makes it possible to use
the resulting formulas when adjusting geodetic constructions in different coordinate systems and when assessing the
accuracy of transformation.

Conclusion. General formulas are obtained that makes it possible to obtain small changes in the parameters of one
system when moving to another coordinate system in matrix form. Formulas can be used to calculate small shifts in a co-
ordinate system, compile correction equations for adjustment, and evaluate accuracy when moving from one coordinate
system to another.
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Hocmynuna 06.05.2024

MATPUYHOE OBOBIIEHHUE 3AJIAYU 3D-TPAHC®OPMUPOBAHUA KOOPIUHAT
B CITYTHHUKOBBIX TIOCTPOEHUSAX

Kano. mexu. nayk, ooy. AM. IEI'TAPEB, E.B. IETTAPEBA, M.B. BOJIOIIIHHA
(Ilonouxuii zocyoapcmeennvtii ynusepcumem umenu Eeppocunuu Ilonoykoii)

B cmamve paccmompena 3aoaua 0606wenus 3D-mpancgopmuposanus Ienomepma no 7 napamempam u ougghe-
peryuanvhbix ypagrenuti 1 u 2 pooa cpepauduueckoil eeodesuu. Ionyuena popmyna 6 MampuuHom guoe, GKIOUAOWASL
6 cebsi Kak Yacmuvie CIyHau NPAKmMuYeck 6ce GUObL MPAHCHOPMUPOBAHUSL KOOPOUHAN, UCTIONb3YEMble 8 CNYMHUKOBO
2e00e3ult, a Maxi#ce HeCKOJbKO HOBbIX GUA0E.

Knrwuesvie cnosa: cipepouduueckas 2eodesus,7 napamempuyeckoe npeobpasosarnue I envbmepma, ouggpepenyuans-
Hule ypasuenus 1 u 2 pooa.
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