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MATEMATHKA

YK 514.765.1

PA3JIOKEHHUE JE PAMA U KOI'OMOJIOI'MA TPEXMEPHBIX
OJITHOPO/HBIX IICEBJJOPUMAHOBBIX MHOI'OOBPA3HI1

Kano. puz.-mam. nayx, ooy. HIT. MOJKEH
(Kazanckuii (IIpusonstcckuit) pedepanvhotii ynueepcumem, Poccusn)

Paccmampusaromes mpexmephvle 00HOPOOHbIe pumanoesl (ncesdopumanosul) mro20o6pasus. Onucviea-
emcs pasnodicenue de Pama smux muo2o00pasuil, a makace ux aneebpul Jlu kocomonoeuti. Kocomonozuu nosso-
JISLIOM OMEEmums Ha 60NPOC, K020a 3AMKHYMble (OpMbl HA MHO2000pa3ulL AGIAIOMCA MouyHbIMU. JIokanbHas
Knaccupurayus 00HOPOOHLIX NPOCMPAHCME IKEUBALECHMHA ONUCANHUIO dhdhekmusnbix nap aneedp Jlu. Onucanv
6ce UHBAPUAHMHbIE CUMMEMPUUECKUE HEeGbIPOINCOeHHbIe OUNUHelHble (opMbl HA MAKUX OOHOPOOHLIX NpPO-
cmpancmaeax. JIokanbHo 00HOpoOHoe pumanoso (NCeOOPUMAHO80) MHO2000pa3sue TOKATbHO U30MEMPUYHO 210~
6anbHO 00HOPOOHOMY pumanogy (ncegdopumanogy) npocmpancmay. Taxoice U3yueHa CeKyuoHHas KPUSUSHA PU-
MaHosbix (NCes0OPUMAHOBIX) 0OHOPOOHBIX Npocmparcme. OpaHuuUBaemMcst Cryiaem HempUSUAIbHOU CMAYUo-
HApHOU NOOZPYRNbL, NOCKOALKY 6Ce OCMANbHbIE NCEBOOPUMAHOBbL OOHOPOOHBIE NPOCMPAHCIBA 68 IMOU pazmep-
HOCcmu — moavko epynnsl Jlu ¢ nesouneapuanmuol mempuxoi. B pabome ucnonvzosan ancedbpauieckuti nooxoo
OJ1 ONUCAHUSL MHO20006pa3Ull, Memoobl meopuu epynn u aneeop Jlu u 00HOPOOHBIX NPOCMPAHCME.

BBenenue. J{is NOHMMaHKS CI0)KHOT'O MaTeMaTHYECKOTO 0OBEKTA JKEJIaTeIbHO Pa3IoKUTh ero Ha Oosee
MPOCThIE «HEPA3JI0KUMbIE» KOMIIOHEHTBI M IPOAHAIM3UPOBATh ITO paszioxeHue. B auddepenuuanpHoii reo-
MeTpud (QyHIaMEHTAIbHBIM PE3YJILTATOM B 3TOM HAIMPABICHUU SBJISIETCS Teopema jae Pama o pasnoxeHuu pu-
MaHOBa MHOT000pa3usi B JICKapTOBO MPOU3BEICHNE MHOTO00pa3uii, HEPA3I0KUMbIX MPU JCHCTBHU JIOKAIBbHBIX
rpyIn rojoHoMuu. BriocneacTBiK ObLIO TOJy4EHO HECKOJIBKO CYIIECTBEHHBIX 00001IeH TeopeMbl e Pama.
PaznoxxeHue u Kiaccu(uKaIys pUMaHOBBIX TOJOHOMHI TPUMEHUMBI B (DU3KKE, B OCOOCHHOCTH B TEOPHUHU CTPYH.
AdduHHBIE TPYIIITBI TOTOHOMHH — TPYIITBI, BO3HUKAIONINE KaK TOJJOHOMIH adh(GUHHBIX CBI3HOCTEH 0€3 KpydeHWS;
Te, KOTOPBIC HE SIBJISAIOTCS PUMAHOBBIMHU (ICEBJOPUMAHOBBIMH), H3BECTHBI U KAK HEMETPHUYECKUE IPYIIIBI FOJIO-
Homuu. Teopema ne Pama He oTHOcHTCS K aQ)UHHBIM IpyIIaM roJOHOMMH, TaKMM 00pa3oM, MOJIHAs KJIacCH-
(uKanus He MoJry4eHa.

TpexmepHbIe 0THOPOAHBIE PUMAHOBBI MHOT000pa3us. [lycte M — muddepennupyemoe MHOrooOpasue,

Ha KOTOPOM TPaH3HTHBHO AciicTByeT rpymma G, (M, 6) — OJIHOPOHOE TpocTpaHcTBO, G = Gy — crabumm3a-
TOp mpou3BoJbHOI Touku X[ M. Ipobiaema knaccudukauun 0THOPOIHBIX MpocTpancTB (M, 6) PaBHOCHJIb-
Ha KnaccuuKanuu (C TOYHOCTHIO 10 9KBHBAICHTHOCTH) map rpymm Jlu (6, G),rne GO 6 TaK Kak MHOTO-
o6pasue M MOKeT OBITh OTOXKIECTBIEHO ¢ MHOI0OOPa3HeM JIEBBIX CMEXKHBIX KJIACCOB G/G (cM., manpumep, [1]).
W3y4ast 0qJHOPOAHBIE IPOCTPAHCTBA, BAKHO PACCMATPHUBATEL HE CaMy TPYIIILY 6, a ee oopas B Diff (M), apyrumu
CIIOBaMH, JOCTATOYHO PACCMATPHBATE TOJIBKO 3()(EKTHBHBIE TEHCTBHS TPYIIIIBI G ma MHOT00Gpaszuu M.

HauneMm ¢ JI0KaibHOTO ONMUCaHKs OAHOPOIHBIX POCTPAHCTB U CBA3HOCTEH Ha HUX. [IycTh g — anredpa Jln
rpynnsl JIu 6, a g — momanrebpa, coorBeTcTBytommas noarpynme G. ITapa (g,g) anre6p Jlu HaspiBaeTCs
agppexmugnoil, ecnu nogaiarebpa g He COACPKUT OTIMYHBIX OT HYJIS UICaloB ¢ . B manpHeilmem Oynmem npea-
nonaraTe, 4To G — cBsA3Has MOATPYINA, STO BCErIa MOXHO CIeaTh, OTPAHUYHBASICH JIOKAIbHOH TOYKON 3PCHHUSL.
H3omponnoe Oeiicmeue rpynnsl G Ha T,M —ectb dakrop-gelicTBue npucoequHeHHoro aeicrsus G Ha g:
S.(x+g) = (Ad9(X) +g mms Bcex sUOG, XDE. [Tpu sTom anrebpa Jlu g neiicTByeT Ha KacaTeJbHOM IPOCTpPaH-
cree T,M =g/g caemyromum obpazom: X.(y+g) = [X, y]+ g ans Bcex X[g,yOg. Iapa (g,g) HasbiBaeTCst
U30MPONHO-MOYHOL, €CIIM TOYHO U30TPOIHOE MPEACTaBICHUE MoAanreOpsl g . C reoMeTpu4ecKoi TOUKH 3peHuUs

9TO 03HAYAET, YTO eCTeCTBEHHOe AeiicTBue ctadbummusaropa Gx mpousBonbHOU Touku XUM Ha T,M unmeer ny-

neBoe siapo. [lcesdopumanoso 00HOPOOHOE NPOCMPAHCMEO 3ANACTCS TPOHKOU (6, M,g), tne G —cBsi3Has rpym-

na .HI/I, M sBasieTCsl CBSI3HBIM TJIaJKUM MHOF006pa3I/IeM C TPaH3UTUBHbBIM ,HeﬁCTBPICM G , & J — MHBapuaHTHas

MICEeBIOPUMaHOBa MeTpuka Ha M. VIHBapuaHTHBIE MCEBIOPUMAHOBBI METPUKH J Ha M HaAXOIATCA BO B3aHMMHO
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OJITHO3HAYHOM COOTBETCTBHH C MHBAPHAHTHBIMH CHMMETPHUYCCKUMH HEBBIPOXKACHHBIMH OMIMHEHHBIMU (opMma-
mu B Ha G -monyine g/g ([2]). Bununeiinas popma B Taxxe sBisieTcsi HHBapUAHTHON OHIMHEWHO# hopMoit Ha

g -monyie glg:
B(xvy,V,) +B(vy, XVv,) =0 mmascex xOg, vy, V, Oglg. (1)

Kaxmoe nceBIopuMaHoBO OJHOPOIHOE MIPOCTPAHCTBO (6, M,g), codimyg<4 onuceiBaercs TPoiKoit
(g,9,B), roe (g,9) —>ddexrupnas mapa anredp Jlu, a B — uHBapHaHTHAas CUMMETPHYHAsI HEBBIPOXKACHHAS
OwnuneitHass Gopma Ha ¢ wMomyie glg. eicrBurenbHo, w3 [3] chemyer, YTO CYIIECTBYET ESOUHCTBEHHOE
(c TOYHOCTBIO 10 IKBUBAJIECHTHOCTH) (P(PEKTHBHOE OJHOPOAHOE MPOCTPAHCTBO (6, M), takoe, uto M oxHO-
CBSI3HO W CTaloHapHas noarpynmna G rtarke cBs3Ha. [TokaxeM, 4TO 3TO OAHOPOAHOE IPOCTPAHCTBO JOMYCKAET
€/IMHCTBCHHYI0 HMHBApUAHTHYIO MICEBIOPUMAHOBY METPUKY (, COOTBETCTBYIONIYIO OwimHeiHOUW (opme B.
Ilycte m = eGO M, roe € — equHnYHBIH 3aeMeHT B G, 11s CyIiecTBOBaHMs ( JOCTATOYHO, YTOOBI B ObLIO
MHBApPUAHTHO OTHOCUTEINILHO M3oTponHoro aeiicteus G ma T,M Og/g. Ho 310 yciioBue BHIMONHSICTCS, TaK KaK
G cBs3Ha u B — unBapuanTHas OunuHeiiHas Gopma Ha g -monyie g/g. O6osnaunm m = g/g. Takum oGpa-
30M, CYIIECTBYET €IMHCTBCHHOE (C TOYHOCTBHIO 0 DKBHBAJICHTHOCTH) TICEBIOPUMAHOBO OJIHOPOIHOE MPO-
crpanctBo (G,M,g), coorBerctBytomee (g,g,B), Takoe, uro M oxHocBs3Ho u G cBsa3Ha. Bynem Ha3biBaTh
tpoiiky (g,d, B) sokansno ncesoopumanossvim 0onopoonvim npocmpancmsom. IIOCKONBKY Kak7as HHBAPHAHT-
Hasl TICEBJIOPUMAHOBA METPHUKA OMPEEIeT MHBAPUAHTHYIO ad(PUHHYIO CBA3HOCTH, ¢ -MOAyJb g/g ToueH. Jlis

HAXO0X/ICHUSI BCEX M30TPOIMHO-TOYHBIX MAap HYXHO KIacCU(DUIMPOBATh (C TOYHOCTHIO N0 H30MOpdH3Ma) BCe
TOYHBIE TpexMepHble ¢ -Moayiad U (3To sKBHBajJeHTHO Kiaccudukaiumu Bcex momaaredp B gl(3,R) ¢ Touno-

CTBIO JI0 CONPSKEHHOCTH), a Jajee KIacCU(PUUIUPOBAThL (C TOYHOCTHIO JI0 SKBHBAJIEHTHOCTH) Bee maphl (g, g ),
TaKue, 4To g -Monynu g/g u U skeuanenTHbl. Bee mono6ueie naper codinyg = 3 waiinenst B [4], nanbheit-

nrast HyMepamnus ap COOTBETCTBYET IMPHUBEIECHHOW B 3TOM HCTOYHUKE. OTpaHMYNMCS CIIydaeM ¢ HEHYJIEBBIM
CTaOHUIM3aTOPOM, TaK KaK BCE OCTAIbHBIC IICEBJOPUMAHOBHI OJHOPOJHBEIC MPOCTPAHCTBA — TOIBKO TPEXMEp-
HBIe Tpymiel JIu ¢ WHBapHaHTHON MeTpuKoW. bunuHelinas ¢opma B sBiseTcS MHBAPHAHTHOW OMIMHEHHON
dopmoii na g -monyne g/g. [lposepum Bbinonnenue ycnosus (1) ans seex nap codingg =3 n BbiOepeM U3 HUX
JIOMTYCKAIOIIUEe pUMAHOBY METPHUKY. Jlanee omuieM Bce Takue (POPMBI ¢ TOYHOCTBIO IO HHAYIMPOBAHHOTO JICH-
crBus Aut(g, g) . ITomyunm ciaenyromuii pe3ybTar:

TEOPEMA 1.Ilycts (g,9,B) —nokanbHO 0qHOPOAHOE MPOCTPAHCTBO, AOMYCKAKOIIEE PUMAHOBY METPH-

Ky, T.4. codimyg =3 n g #{0} . OHO 5KBUBAJIEHTHO O/IHOM 1 TOJILKO OJIHOH M3 CIIEAYIOMIUX TPOEK:

Howmep Tpoiixn Tabmuna yMHOXEHHS B
€1 Uy U Us
(S 0 U Up 0 €1 0 0
1.3.1 Up | U 0 0 0 0 €1 0 €1, &2= +1
U | -Up 0 0 0 0 0 €2
L0 0 0 O
& W U U
e|0 w uy O €|0]0
13.2 u|u O 0 u 0]le]|0 e=*1,a#0
U | -uy O 0 uw 0/0fa
us | O U -u, O
€1 Uy Uo Us
€ 0 U, Up 0 al0]| o0
1.3.3 ulu O etuz; O 0jla|0 ab#0
U | Uy -e-uz3 O 0 0[{O0|b
u; | 0 0 0 0
€1 Uy Uo Us
€ 0 Uy Up 0 a 0oloO0
1.34 ulu O etu; O 0 a|0|ab#0
U | -U; e-uz O 0 0 0| b
L0 0 0 0
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€1 Uy U Us
e |0 4 u; O a 00
1.3.5 upju O e O 0O |a]|O
W|-u, & 0 O 0 o] =z|27°
us | 0 0 0O O
& U U U
e |0 4 u 0 al0]|o0
1.3.6 ulu O € 0 0Ojla|0 az0
U | -Ug € 0 0 0| 0| #x1
us | O 0 0 0
& W U Us
ee|0 w uy O € 0
1.3.7 ulju 0 u O 0|le]|0 e=*1,a#0
| -u -u3 0 O 0[0fa
us | O 0 0O O
& & 6 U W U
e |0 & & -uz O Uy
&|-e O e -uw uy 0 1/0|0
351 &a|le -6 0 0 U U 0j1|0 +
Uy | U3 Uo 0 0 0 0 0|01
u | 0 Uy Uz 0 0 0
us | -u; O u 0 0 0
& €& 6 U W U
e |0 & & -u3 O Uy
€ | 63 0 e Uy Up 0 al0]|o0
3.5.2 &ale -6 0 0 u U, |[O0O]al0 az0
Uy fus u O 0 & e 0| 0fa
U | 0 4 Uz - O €s
U | -uy O U - -6 0
& & 6 U W U
e |0 & & -uz O Uy
&|-e O e -Ww u O aj|0|o0
3.5.3 &a|le -6 0 0 U U Oja|oO az0
Uy fus u O 0 & -6 ||0|0]|a
U |0 U U & O €3
Us | -Up 0 U, € €3 0

3mech €, €, € —6a3uc g, Uy, Uy, Uy —06asuc, TOTIONHUTENBHEINK § B §.

3ameuanue. Kpome puMaHOBON METPUKH, TICEBIOPUMAHOBY METPHKY CUTHATYPHI (2, 1) momyckaroT cire-
Jyolye OJHOPOJHbIE IPOCTPAHCTBA U3 IPUBEIEHHBIX B Teopeme 2: 1.3.1npu €€, <0, 1.3.2, 1.3.5, 1.3.6, 1.3.7
npu €a<0; 1.3.3, 1.3.41pu ab < 0.

W3 nap, npuBeseHHBIX B TeopeMe 2, CHMMETPHYECKOEe OJHOPOAHOE IpocTpancTBo 3axator 1.3.1, 1.3.5,
1.3.6,3.5.1-3.5.3.

W3 TpexMepHBIX PUMaHOBBIX OJHOPOJHBIX MPOCTPAHCTB CIEAYIONINE 7/ COOTBETCTBYIOT KJIacCH(pUKALNU
Tepcrona:

- ecii CTabMITM3aTOPBI TOUEK TIPOCTPAHCTBA TPEXMEPHBL: g = s0(3) , Tpoiika 3.5.13amaeT eBKIMIOBO TPO-

CTPaHCTBO E3, 352 —cdepy S% 353 —Tunepbonmyeckoe mpocrpaicTeo H 3.
- ecii CTabMITM3aTOPhI OJHOMEPHBL: g = 50(2), T0 M ecth G -WHBapHaHTHOE PACCIIOCHHE HAJl OMHOMN U3

JIByMepHbIX reomerpuil. Ha M umeercs G -nHBapuaHTHas METpHKa, ONpeAeNsiomas cBsi3HoCTh. [Ipn HyneBoi

KpHMBHU3HE CBSI3HOCTH Tpoika 1.3.53anmaer S$? x B, 1.3.63amaer H? xE, a IIPU HEHYJIEBOW KpUBU3HE TpOIiKa

1.3.3zamaer SL(2,R), 1.3.73a0aeT HUILIEOMETPHIO.
- 1.3.1nopanrebpa B 3.5.18 6asuce (&, Uy, Uy, W), 1.3.2noganrebpa B 3.5.28 Oasuce (—el, e+y g-y lé),

1.3.4nonanre6pa B 3.5.3B 6azuce (—el, © ; u3, 8‘5; u‘,_el; uz).
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TpexmepHbIe OTHOPOAHBIE NMCEBIOPUMAHOBBI MHOrooopasus. I[Iposepum BeimonHeHue ycnoBus (1)
as Beex map codingg =3 u BbIOepeM M3 HHX JOIYyCKAIOLME ICEBAOPUMAHOBY METPUKY. [lanee onmuem Bee

Takue pOPMBI C TOYHOCTHIO 10 HHAYUHUPOBAHHOTO AeticTBus AUt(g, g) . [lomyunm ciaemyromuii pe3ynbTar:
TEOPEMA 2. Ilycts (g,g,B) — 10KaqpHO OZHOPOIHOE HMPOCTPAHCTBO, JAOMYCKAIONIEE TOJIBKO MCEBIO-
pPUMaHOBY METPHKY, T.4. codimg g=3u g#{0}, e, &, &5 —6asuc g, U;, Uy, U3 —0a3uc, ONOTHATESIBHBIH

K g B g. OHO SKBUBAJICHTHO O/IHOW M TOJIbKO OJTHO# M3 CICIYIOUINX TPOCK:

341 e € €3 Uy U Uz
|0 & e u 0 4 oloTl1
el 0 e 0 uw w ol- 1o
&a|es e 0 u u O 1 *
U, | -Ug 0 Uy 0 0 0 110 0
u, | 0 4 -u3 0 O O
Uz | U3 -Uy 0 0 0 0
3.4.2 e € €3 Up U Us
e|l0 & e u 0 4 ololla
el 0 e O U W ol- 1o
&a|e € 0 u u O a az#0
up | -uy O 4, O e -6 alo 0
u, | 0 U4 Uz & 0 =€
Uz | Us -u, O e e O
3.4.3 &6 & 6 U W Uus
e |0 (] €3 U 0 Uz olola
& | & 0 € 0 Uy Uz ol - 0
&a|le e 0 u u; 0 a az0
up | -uy O 4, O © € alo o
u, | 0 U4 U3 & 0 e
Uz | Us -u, O € -6 0
2.21.1 & 6 U U U
e |0 (] u 0 U3 0]0 1
& | & 0 u w 0|-10 .
U, | -Ug 0 0 0 0 1 -
u | 0 4 0 0 O 1/0]0
Uz | U3 -Uy 0 0 0
2.21.4 & & U U U
e |0 (] Uy 0 U3 ololla
& | & 0 0 Uy Uz ol - 0
up | -uy, O 0 Up Uo a az0
U, 0 U;  -Up 0 Us alo 0
Uz | U3 -Uy -Up, -uz O
1.8.1 & U U U
€ 0 0 U, U 0|0 1
u | 0 0O O O 0|-10 +
U, | -Ug 0 0 0 1 -
us|-u, 0 0 O 1/0|0
1.8.2 & U U U
€ 0 0 Uy Uo 0|0 |a
u | 0 0 u u 0|-10 az0,e=+10
U | -uy -u; O Us a
Ug | -Up -Uy -uz O al|0|e
1.8.3 e Up Uo Us ol o 1
e |0 0 u U, ol- 1o
Uy 0 0 0 Uy 1 +
Up | -Uyq 0 0 Uy, +Ae; 11010
Us | -Un -U; -Uyrie; O
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1.8.4 €1 U U Us
e|0 0 uy uw 0/]0 1
u|/0 0 0 O 0|-1]0]]|=
ul-u 0 0 g 1010
U | -u, O € O
1.8.5 €1 Uy U Us
e |0 0 uy w 00 1
u|/0 0 0 O 0|-1]0f|,
U | -uy O 0 € 1(0 0 -
Uz | -u, O e O
1.1.1 €1 U U Us
e|l0 uy -u O 0|1]0
Uy | -Up 0 0 0 1/0|0
Llu 0 0 O 00 +1
L0 0 0 O
1.1.2 e U U U
e |0 uy -u O 0/1]0
ul-u 0 O 0 1/0|0 az0
uju 0 0 u 0|0 a
us | O 0O w O
1.15 e U U Uz
e |0 Uy -u, 0 0Ojla|0
u |-u; O € 0 al0]|o0 az0
U | U e O 0 OO0 #1
|0 0 0 O
1.1.6 €1 Uy Uo Us
€ 0 Uy -Uy 0 0110
u|l-uu 0 us O 10| 0] |a#0
U | U -us O 0 0| 0|a
u|/0 0 0 O
1.1.7 €1 Uy Uo Us
e|0 u -Up 0 Ola|O0
u | -uy O etus O al0|0 ab#0
U | U, -e-u3 O 0 0[0|b
L0 O 0

W3 map, npuBEICHHBIX B TeopeMe 3, CAHMMETPUYECKOS OJHOPOAHOE mpocTpaHcTBo 3agaror 1.1.1, 1.1.5,
1.8.1,1.8.4,1.85,2.21.1, 3.4.1-3.4.3.

Pa3zo:kenue ne Pama TpexMepHBIX OJIHOPOJAHBIX PUMAaHOBBLIX MHOToo0pa3umii. Eciu M — onHOCBSI3-
HOE TOJIHOE PUMAHOBO MHOTOOOpasue, T0 M m3omeTpudno mpsiMoMy Tipoussenenuto My x M, x ... XM, raoe

M, — eBKIMJI0BO NPOCTPAHCTBO (BO3MOKHO, HyJIEBOH pasmepHOCTH), & My,..., M, — 0IHOCBA3HbIC MOJIHbIE

r
HCTIPUBOAUMBIC PUMaHOBBI MHOI‘OO6p33PI5[, TaKO€ PA3JIOKECHUE OJJHO3HAYHO C TOYHOCTBIO JIO IMOpAAKa CICI0OBA-

Hust compokureneii. HanGombmas cpssuas rpynna |°(M) usomerpuii s M eCTECTBEHHBIM 06pa3oM H30-

MOpQHA NPSMOMY IMPOU3BEJICHUIO HAWOOJIBIINX CBSA3HBIX TPYIII IO(Mi) uzomeTpuit comnoxkureneir M; [5].

Otcrona cnenyer, uto M ecTh OJHOPOJHOEC PUMAaHOBO MHOTOOOpAa3We TOTAA U TOJIBKO TOT/AA, KOTAAa OJHOPO-
HBIMU PUMAaHOBBIMH MHOI'000Pa3UsIMU SBIIAIOTCS U COMHOXUTEN My,...,M, .

ITycts nanee M — 0AHOCBA3HOE OJHOPOJHOE NPOCTPAHCTBO C MHBAPUAHTHOW puMaHOBOH MeTpukoil. To-
roa cymectByot (K. Homumsy [6]) cessubie 3amkHyThIe oarpymmsl Go,...,Gr B G, Kaxzaas U3 KOTOPBIX CO-
nepxut G, Takde, 4TO KaXKIblii MHOXHTEIb HaJeJIeH MHBAPUAHTHON prMMaHOBOW MeTpukoii (Gi MOXeT U He

ObiTh 3 dekruBHor Ha Gj / G). X0Ta 3TO yTBEPKICHHUE BEPHO ISl OAHOCBSI3HBIX OJHOPOJHBIX PHMAHOBBIX
MHOT000pa3uii, )KeNnaTeIbHO UMETh, IIyCTh IPU 0OJEe CIIIBHBIX NMPEIIONOKCHUIX, PA3I0KEHHE CICAYIOIIETO

mina: G = G x G x..x G, G=G xGx...xG.

JelicTBuTenbHO, MycTh M — OAHOCBSI3HOE E€CTECTBEHHO PEIYKTHUBHOE OJHOPOJHOE MPOCTPAHCTBO C
ad(G) -uHBapUAHTHBIM Pa3OKECHUEM ¢ = g+ M W WHBAPUAHTHOW PHMAHOBOM METPHKOH (.
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ycts Ty(M) = Tg X...% Tg —pasnosxenue jie Pama kacatensroro npoctpanctsa To(M) 1 m=mg+m +.. +m,,

COOTBETCTBYIOLIEE PA3NIOKCHUIO Ul M IIPH €CTCCTBEHHOM OTOXkAecTBIeHUH To(M) = m . ITonoxum
fm)=m+[m,m], §=m; +[m;,m;], g =fingmmi=01..,r,

torpa (b. Kocranr [7]) f; —uneanst B g u f(m) =y +f; +...+f, —npsmas cymma anre6p JIu, 1 uMerotT Mecto

CIIEIYIONIIE COOTHOIICHUSL:

[g.mi]0m;, [my,m]0m;+g, [mj,m;]=0mmsai#j,ij=01,.r.

Eciu G — cesiznas rpynmna, a G/ G 0AHOCBA3HO, TO MPOCTHIE TOMOTOMUYECKUE PACCYIKICHUS MOKA3bI-
BatoT, uto G cBs3Ha. Beps yHHBepcanbHyIO HakpbiBawollyto rpymmny aast G Bmecto G, MOXEM CUHUTATH, YTO
G omHocesizHa; G ocraercs moutu 3¢ dekruroit Ha G/ G, x0T, GBITH MOXeT, yke He dpdexTuBHOM. Tak

kak G opHOCBA3HA, TO HOpMaibHble moarpynnsl Go, Gi,..., G pnma G, nopoxaeHHsle uneanamu fg,fi,.. . J
COOTBETCTBEHHO, 3aMKHYThI U OJIHOCBA3HBI. Eciiu Mpl nontoxkum G, = Gi n G, 10 Gj / G Oymyr ecTecTBEHHO
penyktusnbl, u G/ G = Go/ G*x G/ Gx...x G/ G conanaer c pasnoxenuem ne Pama st M.

TEOPEMA 3. Pasnoxenue jie Pama xacarenbHoro npoctpanctsa To(M) Ipu ecTecTBEHHOM OTOXIECT-

Biennn To(M) = m umeer Bux:

Howmep tpoiiku Pasnoxxenue ne Pama Howmep tpoiiku Pasnoxenue ne Pama
3.5.1 mg=m 1.3.3 mp=m
3.5.2 mg=m 134 my=m
3.5.3 my=m 135 my=<uUg>, my;=<U;U,>
131 my=<Uz>, m;=<U,U,> 1.3.6 my=<Ug>, m;=<U,U,>
1.3.2 mg=m 1.3.7 mg=m

EcrecTBeHHO Temeph paccMOTpeTh ciydaif, korga g = f(m) . Ecin ad(G) — uHBapHaHTHOE CKAISIpHOCS

npousBencHne B Ha m, COOTBETCTBYMOIIEE METPHKE §, MOXKET ObITH Tpomokero m0 ad(G) -nHBapuaHTHON

HEBBIPOXKACHHON OHIMHEWHOH cummeTpuaHOi Gopmbel B Ha g, Takoii, uto B(m,g) =0, o

g=fothit..+f.
B 6oiee obmieit popme B TEX ke MPENITOIOKESHAIX UMEEM
g =m+[m,m].

Onpenenum Teneps ciydaid, koraa g = f(m), v BeIOMIIEM, IPH HEOOXOAUMOCTH, HACATHL fy,f,...,f; :

351 gZm+[m,m]
3.5.2 g=m+[m,m]
3.5.3 g=m+[m,m]
131 g#m+[mm], f(m) =m, fy =<Uz >} =<U;,U, >, g; =0
1.3.2 gZm+[m,m]
1.3.3 g=m+[m,m]
134 g=m+[m,m]
1.3.5 g=m+[m,m], fop =<U3>f =<e€,U;,U, >,80=0,0;=¢
1.3.6 g=m+[m,m], fo =<Uz > =<e,U,U; >,g0=0,0, =€
1.3.7 gZzm+[m,m]

Ecmm M — OJHOCBA3HOC CCTCCTBCHHO PEAYKTUBHOC OAHOPOAHOC IMPOCTPAHCTBO C I/IHBapPIaHTHOfI pUMaHO-

BO# MeTpukoit g u G mpocra, To M He npuBoaMMO (Kak puMaHOBO MHOTOOOpasue). Eciu cesizHas rpymma JIn G
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JEHCTBYET TPAH3UTHBHO HA €BKIIMIOBOM IIPOCTPAHCTBE KaK IPYIINa €BKIUAOBBIX ABMKeHUH, TO G He moaynpo-
crast (Jluxuaeposuu [8]). Homua3y Gbuta BbICKa3aHa THIIOTE3a O TOM, YTO OJHOPOHOE TIPOCTPAHCTBO KOMITAKTHOMN

tpymnbl Jlu G HenpuBoauMo (B cMbICE 1€ Pama) OTHOCHTEIBHO IPOM3BOIBHON PUMAHOBOM METPHKU, HHBApPH-

AHTHOM OTHOCHTEJILHO IEMCTBHA TPYIIbBI, TOTAa W TOJLKO Toraa, Koraa rpymna G mpocra. DTo yTBep)KIEHUE
NoSIBUIIOCH B pabote A. JImxaeposuua [8] B kauecTBe Teopembl. B pabote [7] b. Kocrant mokasan 3ty rumoresy
JUIs €CTECTBEHHON METPUKHU U TIOCTPOKII KOHTPIIPUMED K yTBepkaeHnto Homunzy — JInxueposrya B 06IIEM BULIE.

I'pynna G mpocra B ciyqasx 3.5.2u 3.5.3,pa3pemnma B ciryyasx 1.3.1, 1.3.2, 1.3.7.

Pa3noxenue ne Pama TpexMepHBIX 0JHOPOJAHBIX ICEBIOPHUMAHOBBLIX MHOI000pa3uii
TEOPEMA 4. Pasnoxenue jie Pama xacarensHoro npoctpanctsa To(M) Ipu ecTecTBEHHOM OTOXIECT-

BieHun To(M) = m umeer Bux:

Howmep tpoiiku | Paznoxenne ne Pama | Homep Tpoiiku Paznoxenne ne Pama
3.4.1 my=m 1.8.4 mo=m
3.4.2 my=m 1.8.5 mg=m
3.4.3 my=m 1.1.1 my=<U;>, my=<U,>, m,=<Ug>
2.21.1 mg=m 1.1.2 my=<U;>, m;=<Uu,,U3>
2.21.4 mg=m 1.1.5 mg=<Uz>, my=<U,U,>
1.8.1 my=m 1.16 my=m
1.8.2 my=m 1.1.7 my=m
1.8.3 mg=m

Onpenenum Teneps ciydaid, koraa g = f(m), 1 BeIOMIIEM, IPH HEOOXOAUMOCTH, HACATHL fy,f,...,f; :

3.4.1 gZzm+[m,m]

3.4.2 g=m+[m,m]

3.4.3 g=m+[m,m]

2211 gZzm+[m,m]

2.21.4 gZzm+[m,m]

1.8.1 gZzm+[m,m]

1.8.2 gZzm+[m,m]

1.8.3 opu 0 =0 gZm+[m,m],opu a Z0 g=m+[m,m]
1.8.4 g=m+[m,m]

1.8.5 g=m+[m,m]

1.1.1 gZzm+[m,m],

f(m)=m, fo =<Up >, =<U; >, f, =<U3>,g; =0

112 g#zm+[mm], f(m)=m,f, =<u; > f; =<U,,U3>,g; =0
115 g=m+[m,m], fo =<U3>f =<e,U;,U; > go=0,0. =€
1.1.6 gZzm+[m,m]

1.1.7 g=m+[m,m]

I'pynma G npocra B cirydasx 3.4.2u 3.4.3,paspemmma B cnyuasx 2.21.1, 1.8.1, 1.8.3, 1.8.4, 1.8.5, 1.1.1,
1.1.2,1.1.6.

KoromoJiorun pumanoBbix (ICeBIOPUMAHOBBIX) MHOroodpasmuii. 3a onpejeneHue anreOpsl KOroMo-
JIOTUH MHOT000pAa3us MPUHUMAETCS €€ KOHCTPYKIIUS COTIIacHO TeopeMe ne Pama. Anrebpa KOroMoJIoTHid J1t000-
ro IIAJKOro MHOrooopasuss M coBmagaer ¢ aiareGpoii Koromoyoruii BHemHux Gopm Ha M. B padote [9] pac-
CMaTPUBAIOTCSI IPUJIOXKEHUS! armapara KoroMojoruit ainredp JIu k u3ydeHH0 KOrOMOJIOTHH TJIABHBIX pacciioe-
HHUI ¥ OJJHOPOJIHBIX IIPOCTPAHCTB.

O6o03nauum yepes d(Q) BHemHIOK Mpou3BOAHYIO Juddepennnanbroil popmbr o, vepes C; — MHOKe-

ctBo (p —1)-popm Ha g, uepes C, — mHOKecTBO P-dopm, a uepes C; — muoxecTBO (P +1)-hopm 1 T.1.
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Iycte C — muoxectBo {C, C,, C; ...}, mycroe MHOXecTBO Oynem 3amuckiBath Kak {} . ITycTs AP(g,9) —
IPOCTPaHCTBO BHEIHUX P -popM, P-popma O u3 AP(g,g) samxuyra, ecin d(0) =0 u Tounas, ecimu o = d(B)
st HekoTopot (P —1)-dpopmer B u3 A(p_l)(ﬁ, g) . Anre6pa Jlu koromonoruii H P(g,g) crenenu p — Bekrop-
HOE MPOCTPAHCTBO 3aMKHYTHIX P-hopm u3 AP(g,g) no moaymo tounsix p-popm uz AP(g,g). O6o3HauuM
H; —muoKecTBO P-(hopm Ha g, oOpasyromux 6asuc koromonoruii C,, H, —mmnoxecto (p +1)-dopmna g,
obpasyromux 06a3rc KOrOMOJIOTHIA C3, A T.O., TO ecTb H = {Hr H2, H3, ...} — MHOMECTBO BCEX 3aMKHYTBIX
dbopM Ha g, 3amaromux 0a3uc KOroMOJIOTHI Ha g .

TEOPEMA 5. KoromMosiorus TpeXMepHbIX OJAHOPOAHBIX PUMAHOBEIX (IICEBIOPUMAHOBBIX) MHOTO00pa3uii
MMEIOT CJIEIYIOIINIA BUI!

PUMAaHOBBEI:
3.5.1,3.5.2,353

C={{ -6,06,0008,  H={{L{H{ 6,006,008
1.3.1,1.35,1.3.6
C={}{ &{ -6,08{ -6,00,000 , H={{6}{ -6,08,{ -6,008,08,
1.3.2
C={i{ &{ -6,08{ -6,00,08Q , H={6eyL}{
1.3.3,1.34,13.7
C={{t{ &{ -6,08f{ -6,06,000 , H={{{ -6,06,08,

NCEeBIOPUMAHOBEI!
3.4.1,34.2,343,2.21.1,221.4

C={i0.{ -6,06,008 . H={L{H{ 6,006,008

1.1.1,1.15
C={l{ &{ -6,08{ -6,06,0008r , H={6}{ -6,08,{ -6,016,008
1.1.2
C={{ &{ -6,08{ -6,00,083 . H={6L}{}
1.1.6,1.1.7

C={{8{ 6,08{ -6,00,003 ,H={}{{ -6,08,08,
1.8.1,1.83,1.84,1.85
C={{t{ &{ -6,08{ -6,00,00Q . H={6}{-6,08,{ -6,00,08,
1.8.2
C={{t{ &{ -6,08{ -6,00,00 . H={{{ 6,006,008,

CeKIMOHHASI KPpUBU3HA PUMAHOBBIX (IICEBIOPHMAHOBBIX) OHOPOIHBIX NMpocTpancTB. Hanbonee Bax-
HOHM U MHTEPECHOI! 3ajauell pUMaHOBOM reOMETPUM B LIEJIOM SIBJISIETCS 3a7a4a O HAXOXKAECHUU CBA3EH MEXAy reo-
METPUYECKUMH U TOIOJIOTMYECKMMH XapaKTePUCTHKAMH PHUMAaHOBBIX MHOT00OpPAa3uii M MX JIOKAJILHOW XapaKTepH-
CTHKOM — KpuBU3HOH. CeKIOHHAs KPUBH3HA PUMAaHOBBIX OTHOPOIHBIX IPOCTPAHCTB BEIYUCIIIETCS IO (hopMyIie

K(x E) = B(RY,2Y, 3 |
BY,WHZ 2- BY ¥

rae XOM, E —mneBbipoxknennoe miockoe ceuenue B M, {Y, 4 —6asuc B E.

Ji1s iceBIOpUMAaHOBBIX OJHOPOTHBIX MMPOCTPAHCTB MOHITHE CEKITMOHHONW KPUBU3HBI MOJKET OBITH BBEIle-
HO YK€ He JUIS BCEX JBYMEPHBIX HAIpaBIICHHH, TaK KaK ONpenenuTens ' paMma, CTOSINUK B 3HAMEHATEIE OIpe-
JIeJICHHsT CEKIIMOHHOW KPUBU3HBI, 0OpAIIacTcs B HyJb ISl H30TPOIHBIX JBYMEPHBIX HAIPABICHUIA (TO €CTh Ta-
KHX, Ha KOTOPBIX MHIYIHUPYETCS BEIPOXKICHHAS METPHKA, €CIIA B 3TOM CiIydae oOpalaeTcst B HyJIb U YHCIIUTEINb,
TO MOHSATHE CEKIIMOHHOW KPUBU3HBI MOXHO COXPAHHTH C TIOMOIIBIO MPOIOIDKEHHUSI TI0 HETIPEPBIBHOCTH). Boiri-
IIEM CEKI[MOHHBIE KPUBH3HBI PUMAHOBBIX ([ICEBIOPUMAHOBBIX) OJHOPOIHBIX IPOCTPAHCTB.
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TEOPEMA 6. CeKkunoHHBIC KPUBH3HBI PUMAHOBBIX OJHOPOIHBIX IPOCTPAHCTB!

Hostep B(R(Y, W) Yy, u) B(R(Y, W) Y, W) B(R(W, U)W, W)
B(u, w) B(W, )~ By u’ | Bu, u)B(u, w)- By W | B, W) By, u)- By, uf
351 0 0 0
3.5.2 1 1 1
a a a
353 1 1 1
a a a
131 0 0 0
1.3.2 1 1 1
a a a
133 3/4+a _ b b
a® 4a° 4a°
1.3.4 3/4b-a _b b
a® 4a° 4a°
135 1 0
a
136 _1 0 0
a
13.7 3. _a _a
CeKIMOHHBIE KPUBHU3HBI [ICEBIOPHMAHOBBIX OAHOPOIHBIX IPOCTPAHCTB;
Hostep B(R(Y, W) Y, v) B(R(Y, wy, ) B(R(W, ) U, W)
B(u, u) B(W, W)~ By uf | B(u, u)B(u, w)- By W | B(w, u)Bu, u)- Bu, y’
341 0 0 0
3.4.2 _1 _1 _1
a a a
343 1 1 1
a a a
2911 0 0 0
2.21.4 _1 21 _1
4a 4da da
181 0 0 0
1.8.2 _1 21 _5
4a 4a 4a
183 0 0 al0=w
18.4 0 0 1/0=w
185 0 0 1/0=o
111 0 0 0
1.1.2 1 1 1
4a 4 4a
115 1 0
a
116 _32a 1, 1,
4
117 3/4b-a _b b
- 4a’ 4a®
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3akiwuenue. B pabote onucano pasnoxenue e Pama TpexMepHBIX OJHOPOIHBIX PUMAHOBBIX (IICEBIO-
PUMaHOBBIX) MHOTO00pa3uii, a Takxke ux anreOpsr JIu koromosnoruii. HalizieHa CeKIIMOHHAsT KPUBU3HA PUMAHO-
BBIX ([ICEBIOPUMAHOBBIX) OJHOPOIHBIX TIPOCTPAHCTB.

[TomyueHHBIE PE3yIBTATHl MOTYT OBITH WCIIOJIB30BAHBI ISl PEIICHUS PA3IMIHBIX TEOMETPHUCCKHX 3a1ad
M OTKPBIBAIOT IIMPOKHE BOZMOXKHOCTH ISl MX TMPHIIOKEHUS TIPH UCCIICTOBAHUHN IICEBIOPUMAHOBBIX MHOTO00Opa-
3ui B QpU3MKE M MexaHuke. [IpenokeHHas METOIMKa TaKKe MOYKET OBITh MCTIONB30BaHa I W3YYSHHS OTHO-
POIHBIX PUMAaHOBBIX MHOTOOOPA3Hil IPYTHX Pa3MEPHOCTEMH.
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DE RHAM DECOMPOSITION AND COHOMOLOGY THREE-DIMENSIONAL
HOMOGENEOUS SPACE PSEUDO-RIEMANNIAN MANIFOLDS

N. MOZHEY

In this paper we study three-dimensional homogesé&tiamannian (pseudo-Riemannian) manifolds. We
describe de Rham decomposition and cohomologyrthisfolds. The cohomology allows us to answer thesg
tion of when closed forms on a manifold are ex@be local classification of homogeneous spacegusvalent
to the description of effective pairs of Lie algahrWe describe all invariant symmetric nondegetechdinear
forms on those homogeneous spaces. A completdylboahogeneous Riemannian (pseudo-Riemannian) mani-
fold is locally isometric to a globally homogenedrigmannian (pseudo-Riemannian) space. Also waildesc
curvature Riemannian (pseudo-Riemannian) homogenspaces. We restrict ourselves to the case ofna no
trivial stationary subgroup, all other pseudo-Riem@&n homogeneous spaces in this dimension areljest
groups with a left-invariant metric. We use theddipic approach for description of manifolds, meth@f the
theory of Lie groups and Lie algebras and homogaseapaces.
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