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SOLUTION OF A MULTIDIMENSIONAL INTEGRAL EQUATION  OF THE FIRST KIND
WITH THE BESSEL — KLIFFORD FUNCTION IN THE KERNEL
OVER A PYRAMIDAL DOMAIN

0. SKOROMNIK, T. ALEKSANDROVICH
(Polotsk State University)

The multidimensional integral equation of the fikgtd with the Bessel — Klifford function in therke
over the special bounded pyramidal domain in Ewaid space is considered. The interest in such amsais
caused by their applications to the problems onréflection of waves on a rectilinear boundary aa su-
personic flow around spatial corners. Ya. Tamarbibtained a well-known classical result on the sbility of

the Abel integral equation in the spat:g(a, b) of integrable functions on a finite intervgd, b] of the real line.

By Tamarkin’s method the solution of the investigaequation in the closed form is established, aadessary
and sufficient conditions for its solvability inetlspace of summable functions are given. The segelteralize
the well know findings for the multi-dimensionalefltype integral equation and the corresponding -one
dimensional hypergeometric equations.

1. Introduction. One — dimensional integral equations of the fiisidk which generalize the classical
Abel integral equation and contain the Gauss hygmrgetric function, the Legendre function, the Kumimg-
pergeometric function and other special functiontheir kernels, have been studied by many autlseesa survey
of results and a bibliography in [1, Section 39)ck equations arise in studying boundary value Iprob for
equations of the hyperbolic and mixed type withrmary conditions containing generalized fractianggrals
and derivatives [2]. In most papers, methods fadyng Abel-type equations with hypergeometric fiioms,
the Legendre function in kernels were based oresgmting the integral operators of these equaisr®mposi-
tions of fractional integration operators with powesights and using well-known properties of fractl integrals.
In this way, sufficient solvability conditions fohe integral equations under consideration in gerttasses of
functions and the solution of such equations indgaires were obtained [1, sections 35.1, 35.2,37.

The investigation of necessary and sufficient dailitg conditions for equations mentioned aboveais
more difficult task. Ya. Tamarkin obtained a wetidwn classical result on the solvability of the Abgegral

equation in the spacBl(a, b) of integrable functions on a finite intervid, b] of the real line [1, Theorem 2.1].

In [3], a similar result was obtained for the ndiltiensional Abel-type integral equations over acspdounded
pyramidal domain in Euclidean space. The intemesiuch equations is caused by their applicatiortheqrob-
lems on the reflection of waves on a rectilineanrimtary [4, p. 48; 5] and on a supersonic flow acbapatial
corners [6] (see also [1, Sections 25.1 and 28.4]).

Tamarkin’s method [7; 8] was applied to obtain rsseey and sufficient solvability conditions in the
space of summable functions for a one-dimensiondlraultidimensional Abel-type integral equationghathe
Gauss hypergeometric function over a pyramidal doma

In [9] the closed-form solutions of more generakgral equations over pyramidal domains were obthin
and necessary and sufficient solvability conditiomghe space of summable functions were estallisiibe
analogical results were also received for the mhuftensional integral equations of the first kindhwihe Leg-
endre and Kummer functions in the kernels overmpydal domains in [10; 11].

The target of this paper is to continue the aforginaed study. We give a closed — form solutiommo
integral equation with the Bessel-Klifford functioner a pyramidal domain and investigate its salitgbn the
space of integrable functions.

2. Preliminary data. We use the following notations (see [1, SectiodP8By N ={1,2,..} we denote

the set of positive integer$yg = NUJ{0} , and R" — Euclideam-space. For vectors =(x, X,,...,%,) OR" and

n n
t=(ty,ty,...t, )R, X = ¥ Xt denotes their scalar product; in particubaf]l = 3" % for 1 =(1,1,...3. The
k=1 k=1

expressionx >t means thatx >t;,...,x, > t,; the nonstrict inequality= has a similar meaning. We set

R} ={xDR” x>0 and k =(kg,....k )ONG=Ngx..xNg, (k ONg, wherei= 1,2,..n) is a multi-index
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with k!=ky!0k,! and |k|=k +ky+..+k,. For xOR", kONg , and a =(a,a,,...0,)0 R}, we set
a\o‘\
x® = xg2 DEn, D = , (o) =T (o) (o) DI (o)
LR (%)% (9%)%2...(0%, )" e n

Let A= || aj || (ajk O Rl) be annxn matrix with the determinadbﬁl = detA; we denote its vector-rows

by a; :(ajl,aj 27---’%) and the elements of the inverse matdx® by 5“(. Without loss of generality,
we assume thafA=1. Let A =(aX, ay[X,...a,x) and (AX)" = (a; X)" (a X)2 [, X)"" .
Forb=(b,b,,...55) O R, ¢ =(c,¢5,...,G,) O R, andr ORY, by

A (b)={tOR":Alb-t)20,cl+r=¢, )(1

we denote the bounded- pyramid inR" with the vertex ab , the base in the hyperplamdd +r =0, and the
lateral faces in the hyperplaneg [{b-t) =0 (j =1,...,n) . In particular, if A= E=||6jk || is the identity ma-
trix, c =(1,1,...,1), andr =0, then E; (b) is the model pyramid

E®) ={toR":t<b 1027 . @)

As it is known [1, Lemma 28.2], the pyramid (1psunded if and only ifA™lc b >0 (for the pyramid (2)
respectivelyA lc > 0).

For v =(vq,...,v,)OR" andu x =(x, %,....%,) 0 R" we introduce the function
— n_
o] = 7 &, [%] ®)
=
which is the product of the Bessel — Klifford fuicts J, (2) defined by the formula [1, § 37.1]

iv(z)=r(v+1)[§j 3(2, <o, @

where J,, (2) is the Bessel function of the first kind [1, §;113, chapters 9, 10]

i (_1)k (;)2k+v

(=) ——=—=—. 5
v(2 EO F(v+k+1)k! ®)
The Abel-type integral equation under consideraltias the form
1 -
—— [ (Adx -0)* Ty [AR(x-1)] f(D)dt=g(x), xO A, ®b), (6)
@) A 2

where A, (b) (c,b0R", rOR") is a pyramid of the form (1), t,a AOR", 0<a <1, and Jy_ [ AQ (x-1)]
2
is a function of the form (3). This equation gelfiees the proper one-dimensional integral equdter [1, § 37.1]).
We need the integral formula of the convolutionetypr the Bessel function (5) [12, 7.7(6)]:

t A i L
J 9,0 3= T Jw%(o, Re()>~ Re¢ P2, (7)

and the following auxiliary assertion [1, Lemma38.
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Lemma 1.1f a function f (t,7) on A.(b) x A.(b) is measurable, then the formula

[ dt | ft,o)de= [ o [ ft,o)ct, 8)
A®b) At A(b) o(b.)

for changing the order of integration is valid, whe
a(b,7) ={tDR” A< Al < ADED}, ©)
provided that one of the multiple integrals(8) converges absolutely.

3. Solution in the closed-formFirst, we give a formal solution of the Eq. (6). Replacingd6) x by t
and t by u, multiplying both sides of the resulting equality ( Al{x —1))™* J o [ Ad(x—t)], integrating
2
over the pyramidA; , (x) , we obtain

L [ (A=) T g [ARx-t]d [ (AQt-u)* ™ Tei [AD(t-u)] f(u)du=
M@ A, 00 ] AL 2
(10)

= | (Ax -1) T g [AA-D] ) &, xO A (b).
A (X) 2

Changing the order of integration in the left sidehe (10) according to the formula (8), we obtain
- -1 _ —
L [ fdu [ (AOx -1)) G(AEﬂt—u))q Do [ AR (-] T o[ AA(X-1)] dt=
r(a) A (x) o(x,u) 2 T
(11)
= [ (AOx -19))%J3 q[ADx-t] gb) d,
A (x) N

Nl

where o(x,u) :{t OR":Alli< Al < AD(} .
To calculate the inner integral in the left sidated (11), we introduce the new variables
S| =a; A(x-t), a; :(ajl,...,ajn) (j=1,..n)

Using the formula (4) for the Bessel — Klifford fztion J,, [zl and the formula (7) for the inner inte-
gral in (11) we obtain
1 —q oa-1 _ —
—— [ (AOx -t)) " (AQt —u))  Jgi[AD(t-u)] J g [ A(x-t)] dt =
a(x,u) 2 2

a;[A(x-u)
[ J [ sj_uj Ja[§](ajDx-W)-s )O’J_l 3O,j_1[aj D(x-u)-§ ] d§}=
0 a;-1

. 412 B (x-u) NS
-1 |E| r(l—ﬁjr(a‘ﬂjj [ s-‘“i(s—’jz J g
M(o) j=1 2 2 0 2) %4

—

-

~
X

2
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3o e .
= o J_|':|l [ 5213 q_(q)[(aj A(x-u)-sj) 2 qu_l(aj A(x-u)-g)ds|=

0 = E
- ;1 1; — a, a
At 525@ -
2
a+1) (1-a a+1) (1-a
K T

where2 =(2,...,2),n = (t,...TT .
Thus, the equality (11) takes the form:

[ Jo(AD(Xx-1)) f(t)dt = f}b'f (x), (12)
A (x) '

or

O — A0
Abj(x) fndt = 40,

where

90 = Jo (A (x-1)) £(1) ,

. (om
2 I'(cx)sm(zj
fr%(x) = j (AEQX —t))_“ J g [AD\(x—t)] ot) . (13)
SR (O‘ +1) r (1_0‘ j A () 2
2 2
Making the change of variables
x+ =t t+L=A_1[€1j, (14)
nc d nc d
whereX = ﬁh OR" andd=A"1lt, we represent (12) in the form
d (d d,
[ w(m)dr=d(y), (15)
E(y)

where E; (y) is the model pyramid (2) and

N A L —iha [ atdY o Ay
W) = f (A ) nc],cb(y) 2 (A ) ncj e

To invert Eqg. (15), we rewrite this equation in fbem

yn yn—l YJ_
dt, j dtg .. j Y(r)dy =¢(y). (16)
=t Y)Wkt Yoot Ty —(rFTy)

Successively differentiating with respectyg, y—1,.., ¥, we obtain

) =2 p0) = L
Yy

ooy o).
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Returning to the variable = A_l%—L in (14) and taking into account the equalities
nc
n -
0 _gak 0 (k=1,..,n), (17)
Oyk  j=1 dyx 0Y;

where theéjk (j,k=1,...,n) are the elements of the inverse matfix’, we arrive at the following formula
for the solution of Eq. (15) and taking into coresition thatJo(AD\ (x —x)) = Jp(0)=1, we come at the fol-
lowing form of the equation solution (6):

2F(a)sin(n)
f(X>=|ﬂl[§éjk1] 2 [ (Adx -0))J 4 [ADx-1)] gt)d. (18)

Thus, we have proved that if the Eq. (6) is solgatiien its solution has the form (18).
4. Necessary and sufficient solvability conditiond.et us prove the necessary and sufficient solugbili
conditions for the Eq. (6) in the spat:g(Ac’r (b)) defined by

L (A ) ={f x): [ |f (t)|dt<oo}. 91
A (X)
Consider the space
I, (La)= {¢ L B(x)= ] h(t)dt, h(t)O L (A (b))}. (20)
A (X), Allb—t)= Alx—t)

The spacel o (L1) plays the same role for the Eq. (6) as the spaC{[a H) of absolutely continuous
functions plays for the classical Abel integral atijpn [1, Section 2.2]. Note that ¢ [ I, (Ll) , then, almost

everywhere onA; | (b), this function has partial derivatives, and

(2 9 )
k|':|l( 2. 2 W}D(X) = h(x) .

In particular, if A= E is the identity matrix,c = 1= (1,...,1), and r =0, then relations (19)—(20), re-
spectively take the forms

Ly (Eq (b)) =[f x): [ |f@)dt <oo},

E; (x)

e, (L)= {d)i o (x)= | h(t)dt, h)O L4 (E (b))},

E; (x).(b-t)=(x~t)

9.9

0
where h(x) =&¢(x) = 2% ...axn

¢ (x).

Tamarkin’s classical theorem on the solvabilitytie one-dimensional Abel integral equationLij(a, b)
has the following analogue.
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THEOREM 1.The multidimensional Abel-type integral equatioh ¥6a OR" (0<a < 1) is solvable in
the spacel_l(Ac’r (b)) if and only if

. (A7
2 r(@sin % | .

a

r(‘“l)r(l O‘j/% ) 2
2 2

n n

M9 (x) {Za f“‘(x)} [ 2{ ]f“’(x)} =0. (22)
[ A r :|C&+I‘ =0 =1 ] cR+r=0 k|_|2]—l ] CR+r=0

Under these conditions, the Eq.(6) is uniquely aiole in Ll(Ac’r (b)) and its solution is given by (18)

f“‘(x)_ [ADG -] gty d O Iy (1), (21)

Proof. In the model casé; , (b) = E;(b) , the required assertion follows from (15) and (16)the case of
an arbitrary pyramidA;  (b) , this assertion is obtained from (15) and (16) bxingthe change of variables (14)

and taking into account (17).
Corollary 1. The multidimensional Abel-type model integral egurat

d -1 7 _ —
r(a) E{X)( J%_l[)\(x t)] f(tdt =g(x), xOE®), (23)

Aa0R" (0<a<1),is solvable in the spack (E; (b)) if and only if

2F(cx)sin(mj
A — 2 _t\ 47 -
e (x)-r(oﬂ)r(1 ajE{x>(x t) J_%[Mx ] gt)dt O lg, (L)
2 2
and
A — - = i 0 =
(e = an 2 ()L:O-..._sz - (x)lm:0 0.

Under these conditions, E(23) is uniquely solvable irLl(El (b)) , and its solution is given by

21 (a)sin| 2%
eI

2

[A(x—t)] o(t) ot

0 ha(y
f) = 12700 =
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Hocmynuna 02.03.2015

PEHIEHUE MHOTOMEPHOI'O UHTEI'PAJIBHOI'O YPABHEHUS ITEPBOI'O POJA
C ®YHKIUEN BECCEJIA — KJIU®®OPJIA B SIIPE IO IUPAMUJIAJIBHOM OBJIACTH

Kano. uz.-mam. nayx, ooy. 0.B. CKOPOMHHUK, T.A. AIEKCAH/IPOBHY
(ITonoukuii zocydapcmeennnlii yrugepcunient)

Paccmampusaemces mnocomeproe unmezpanvtoe ypagnerue nepsoco pooa ¢ gpynxyueil beccens — Knuggopoa
8 A0pe NO 0ZPAHUYEHHOU NUPAMUOATLHOU 0OJIACIU MHOZOMEPHO20 €6KAUOBA NPOCMPAHCIMEA CREYUATbHOZ0 8UOd.
Humepec k ucciedosanuio maxux ypagHeHuil 6bl36aH UX NPUNLOACEHUSIMU 8 3a0aUaX UCCIeO08AHUSL OMPAICEHUS
BOJIH OM NPSAMOIUHENHOU SPAHUYbL U 8 3a0aAYaX C8EPX38VK0BO20 0OMEKAHUs NPOCMPAHCIMBEHHbIX Y2108. Xopouio
uzeecmen kaaccudeckutl pesynomam AH. Tamapxuna o paspewumocmu unmespaibhozo ypasuenus Abenst 6 npo-

cmpancmee Ll(a, b) cymmupyemvix QyHKyuil Ha KoHeunom ompeske [, 0] deticmeumenvroti ocu. Cnedys me-
moouxe A. Tamapxuna, ycmanagnugaemcsa hopmyna peweHus ucciedyemozo ypasHeHus 8 3aMKHymou gopme,
oaromest Heobxooumbvle U OCMAMOUHbIE YCI0BUS €20 PAPEUUMOCU 8 NPOCMPAHCINGE CYMMUPYEMbIX QYHKYULU.
Jokazaunwie ymeepacoenus 0606waiom pe3yivmamsl, NOAY4eHHble panee 05l MHOZOMEPHO20 YPAGHEeHUs Mund
Abens u ona coomeemcmsyouux 0OHOMEPHbIX 2UnepeeomMempuieckux ypasHeHu.
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